Abstract When a colloidal suspension is exposed to a strong rotating electric field, an aggregation of the suspended particles is induced to appear. In such clusters, the separation between the suspended particles is so close that one could not neglect the multiple image effect on the electrorotation (ER) spectrum. Since so far the exact multiple image method exists in two dimensions only, rather than in three dimensions, we investigate the ER spectrum of the clustered colloidal particles in two dimensions, in which many cylindrical particles are randomly distributed in a sheet cluster. We report the dependence of the ER spectrum on the material parameters. It is shown that the multiple image method predicts two characteristic frequencies, at which the rotation speed reaches maximum. To this end, the multiple image method is numerically demonstrated to be in good agreement with the known Maxwell-Garnett approximation.
Introduction
By using dielectrophoresis [1] and electrorotation (ER), [2] one may monitor the dielectric properties of dispersions of colloids or biological cells. It is important to study their frequency-dependent responses to ac electric fields, which yields valuable information on the structural (Maxwell-Wagner) polarization effects. [3, 4] The polarization is characterized by a variety of characteristic frequency-dependent changes known as the dielectric dispersion. In particular, for the β-dispersion (also called the Maxwell-Wagner dispersion, ranging from kHz to MHz), it suffices to focus on the induced dipole moments of the particles.
In the last two decades, various experimental tools have been developed to analyze the polarization of biological cells, such as dielectric spectroscopy, [5] dielectrophoresis, [6] and electrorotation techniques. [7] Among these techniques, conventional dielectrophoresis and electrorotation are usually applied to analyze the frequency dependence of translations and rotations of individual cells in an inhomogeneous and rotating electric field, respectively. [6, 7] Furthermore, one is able to monitor the cell movements by using automated video analysis [8] as well as light scattering methods. [4] Actually, ER is caused by the existence of a phase difference between the fieldinduced dipole moment and the external rotating field, which results in a desired torque.
In the dilute limit, the ER of individual particle can be predicted by ignoring the mutual interaction between the cells, and hence may be considered as isolated particle in rotation (e.g., Ref. [9] , and references therein). However, the cells may aggregate under the influence of the external field. In this case the Brownian motion can be neglected, and the cell system becomes non-dilute even though it is initially dilute. In order to discuss the ER spectrum for low concentration case, we applied Maxwell-Garnett approximation (MGA), [10] which takes into account the local field effect. [11, 12] Actually, when a colloidal suspension is exposed to a strong rotating electric field, an aggregation of the suspended particles will appear. As a result, clustering behavior is often seen. Since the particle concentration in the cluster is high, the particles are hence quite close to each other. In such sheet clusters, the effect of multiple images arising from all the other particles should be important accordingly. In this regard, the multiple image effect should be taken into account when we investigate the corresponding ER spectrum. As an initial model, we have recently studied the ER of two approaching spherical particles in the presence of a rotating electric field. [13] We showed that when the two particles approach and finally touch, the mutual polarization interaction between the particles leads to a change in the dipole moment of individual particles and hence the ER spectrum, as compared to that of isolated particles, via the multiple image method. [14] Accordingly, in the present work we shall discuss the ER spectrum of clusters by including the multiple image effect arising from all the other particles. Fortunately, one examined the case of circular inclusions in a conducting sheet (two-dimensional), and the two-inclusion problem was solved exactly by using the method of multiple images. [15] In this work, we shall discuss a two-dimensional case, in which many cylindrical particles are randomly distributed in a sheet cluster.
Formalism
Let us start by considering the circular cylindrical particles of complex dielectric constant˜
with concentration p, randomly embedded in a sheet. The complex dielectric constant of the surrounding medium is˜ 2 = 2 + σ 2 /i2πf with f being the frequency of the external electric field and i = √ −1. Here and σ are respectively the real dielectric constant and conductivity.
In view of the proportional dependence of the electroroation velocity on the imaginary part [2] of the dipole factor (also called Clausius-Mossotti factor), we shall numerically discuss the imaginary part of the dipole factor instead in the following. In this regard, we shall first determine the dipole factor of a specific particle.
It is known that the dipole factor of an isolated particle has the following general form
with n being the depolarizing factor. In the present paper, perpendicular to the symmetry axis of an isolated cylinder (in two dimensions) n = 1/2, this general form is naturally reduced to
The spectral representation approach [16, 17] offers a method for separating the material parameters (e.g., dielectric constant and conductivity) from the structure geometrical parameters in a rigorous manner, thus simplifying the investigation. In order to introduce the spectral representation, we define two material parameters as
They are both functions of the conductivity ratio and real dielectric constant ratio, respectively. After some manipulation, we obtain
with two geometrical parameters F 1 = −1/2 and s 1 = 1/2, where the dispersion strength and the characteristic frequency are respectively given by
Thus, there is only one characteristic frequency in the ER spectrum of an isolated particle, at which the rotational speed reaches maximum. If the suspension contains clustered particles, the multiple image effect should be taken into account. In this case, the effective dielectric constant of the sample to the second order in the concentration p is given by [15] 
Here F (b) is an odd function of b, which contains the contribution from the dipole moment of all the particles to the effective dielectric constant. And it is determined by [15] F (b) = 16
with γ satisfying the relation cosh γ = R/D, where R represents the center-to-center separation between the particles with diameter D. Here it is worth while noting that this equation has included the effect of all the multiple images inside the system accurately. Next, to discuss the electrorotation of a special cylindrical particle in the clustered particles, it is straightforward to obtain the dipole factor as
Here we should remark that b * [Eq. (8)] contains the contribution from all the multiple images within the system under consideration.
Alternatively, the effective dielectric constant˜ e may be determined by the well-known Maxwell-Garnett approximation (MGA), [10] namely
in an attempt to include the local-field effect. Then the dipole factor b MGA determined by the MGA is given by
Again, we should note that b MGA [Eq. (10)] has included all the local-field effect existing in the suspension of interest. Equations (8) and (10) are the main results of the present paper.
Numerical Results
We are now in a position to do some numerical calculations. In Figs. 1 and 2 , we investigate the multiple image effect on the ER of clusters. To one's interest, two ER characteristic frequencies occur always. More precisely, both the two peaks relate to the co-field rotation only, which are potentially different from those respectively related to co-or anti-field rotations. In fact, in the present theory similar results may also be obtained for the antifield rotation which can be achieved by altering the material parameters (no figures shown here). In addition, the location of the characteristic frequency for an isolated particle is different from the one predicted by the multiple image method or MGA (see Fig. 3 below) . In detail, both the multiple image effect and local-field effect may strongly reduce the peak value predicted for the isolated particle. Also, in contrast to the isolated particle, a redshift and blue-shift of the characteristic frequency are always shown for the left characteristic frequency and the right, respectively. Here the red-shift (or blue-shift) means that the characteristic frequency is located in a lower (or higher) frequency.
In Fig. 1 , it is shown that the conductivity effect (i.e., t and σ 2 ) plays an important role in the characteristic frequencies. In this case, the red-shift of the characteristic frequency is obtained by changing conductivities. However, the role of the dielectric constant (namely, s and 2 ) is minor even though the red-shift is observed as well. Figure 2 displays the influence of concentration. We find that the high concentration predicts two characteristic frequencies, whereas the low predicts only one. That is, in the case of high concentration, the multiple image effect does play an important role. Note that p = 0.01 here may be approximated as the case of an isolated particle, for which only one characteristic frequency is predicted, as expected.
We investigate three cases in Fig. 3 : (i) many cylinders randomly disperse in a cluster by considering the multiple image effect; (ii) the same as (i), but based upon the MGA, namely the local-field effect is considered; [11] (iii) isolated cylinder. Firstly, we compare cases (i) with (ii). We find that the MGA predicts two characteristic frequencies, as also shown in Ref. [11] . Above all, both methods are shown to be in good agreement. When we used the MGA to discuss the ER characteristic frequency in a recent work, [11] two peaks were actually predicted as well, but they are located close enough to be overlapped due to low concentration. In contrast to the present phenomena of two separated ER peaks predicted by the MGA, it is further shown that the local-field effect becomes stronger for increasing concentrations. However, we believe the present mutiple image method predicts a more exact result. Secondly, we compare cases (i) with (iii). The characteristic frequency obtained from the multiple image effect may red-shift or blue-shift when compared with that for the isolated particle, as mentioned above already. Finally, regarding the comparison between (2) and (3), we refer the reader to Ref. [11] . 
Discussion and Conclusion
We have considered homogeneous, cylindrical particles in a cluster sheet, which is exposed to a rotating electric field. Within this structure, the concentration of the particles is very high, and hence the separation between the particles is quite small. Therefore, the multiple image arising from all the other particles has to be taken into account. Also, we have compared the results obtained from the MGA and the mutiple image method, respectively, and good agreement between them has been numerically demonstrated. Here, the multiple image method predicts a more exact result than the MGA (an approximate meanfield theory).
It was shown that the multipolar interaction shifts a peak to a lower frequency. [13] But in the current paper we have found that a peak is higher than that of the isolatedparticle case, which is actually due to the many-body (local-field) effect arising from the many-particle system under consideration.
We believe our theory is valid for the case of low Reynolds numbers. In the present study, both the radii and the angular velocities of the particles are small. Thus, we have safely applied the MGA and multiple image method, which are both valid when the particles are at rest.
We also realize the appearance of a circular medium flow because all the particles rotate in the same direction. The macroscopic spin rate drives the suspending liquid, leading to a decrease of the apparent viscosity of the suspension, [18] but not affecting the dipole factor. Finally, it is also instructive to extend the present theory to non-spherical [12] and inhomogeneous (e.g. the so-called graded cells [19] ) cells, or to the system in which lattice effects [20] play a role.
